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Noncommutative differential calculus for a D-brane in a nonconstantB field background
with H=0
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In this paper we try to construct noncommutative Yang-Mills theory for generic Poisson manifolds. It turns
out that the noncommutative differential calculus defined in an old work is exactly what we need. Using this
calculus, we generalize results about the Seiberg-Witten map, the Dirac-Born-Infeld action, the matrix model
and the open string quantization for constBrfield to a nonconstant background with= 0.
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[. INTRODUCTION However, whery is not constant, this relation is inconsistent
with Eq. (1), as can be easily seen by checking the Jacobi
For a D-brane in a constaf field background, its low identity for (d,,%x°,x°).
energy effective theory lives on a noncommutative space for Another way to state the same problem is to notice that

which the commutator although we can define differential formdx®) satisfying
[Xarxb]* :l 0ab (1) [Xavdxb]* = 0 (4)
is a constanfl1]. In the zero slope limit of Seiberg and Wit- when @ is constant, after a general coordinate transformation
ten[2], this relation no longer holds, even for those transformations
s which keep6 constant. Thus even for a constahiwhich
a'~€"  Qap~e (2)  you can always achieve by coordinate transformajioibss

unclear how to determingx?, (dx?)], or [d,,x"], for a
wheree— 0, andB.,, is fixed, we haved=B 1. If the B field eneric curved space.
background is not constant, but has a vanishing field strengt% One might suspect that, in the *-product representation of
(H=dB) for longitudinal directions on the D-brané,satis-  the algebra, the classical derivatives can be used as the
fies the Jacobi identity and so it defines a Poisson structurgatyral representative of the derivatives on noncommutative
on the D-brang3-5]. One can then use Kontsevich's for- gpace. Although this is an algebraically consistent choice, we

mula [6] to define the *-product as a way to quantize thefing that this definition is not enough. If the gauge transfor-
Poisson structure, and to define the noncommutative D-bran@ation for a gauge potential is defined as

world volume. If H#0, Kontsevich's formula can still be
used to construct integrations to reproduce open string cor- SA = dh—i[As N1, (5)
relation functiond4]; however, the resulting algebra is non-
associative. An associative algebra was found by quantizinghe field strength defined by
the open strind3], and it can also be used to reproduce the
open string correlation functiorig]. Fap=daPp— duha—i[ AL, Apl, (6)
In this paper we try to construct the noncommutative
Yang-Mills theory for nonconstarB with H=0. For sim-  will not be covariant. The reason is basically that the Leibniz
plicity, we ignore terms of ordep? or higher; that is, we ryle fails
work in the Poisson limit. Interestingly, it turns out that an
old work [8] on the formulation of differential calculus on Ia(fx0)# (9,F)xg+fx(,9). (7)
noncommutative spaces is precisely what is needed for our |n the context of matrix model, the generalized notion of
purpose, i.e., to define the Seiberg-Witten map, and to find 8oyariant derivative, the covariant coordina¥es x+ A, was
noncommutative Yang-MillSNCYM) theory that approxi- introduced9,2]. In particular the problems mentioned above
mates the classical Dirac-Born-Infe(®BI) action with the  \yere resolved 10,11 by using only the covariant coordi-
B field background. nates without referring to the derivatives. Thus although
The first problem one meets when trying to define a fieldsome results of this paper overlap witt,12], here we are
theory on noncommutative space is to define derivativeSinterested in a more conventional description of ncommuta-

When ¢ is constant, we usually assume that tive gauge field theory, because this subject is of interest by
b b itself apart from its application in string theory.
[da,X"]x =55 ©) We review our mathematical formulation of noncommu-

tative differential calculus at the Poisson level in Sec. Il. In
Sec. Il we define the NCYM action, find the Seiberg-Witten
*Email address: pmho@phys.ntu.edu.tw map, and check that after suitable modification, the NCYM
"Email address: meowshun@ms28.url.com.tw action agrees with the DBI action. In Sec. IV we provide an
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interpretation of the noncommutative calculus from the Equation(13) is satisfied if and only if the Poisson struc-
viewpoint of open string quantization. We also comment onture is covariantly constant

the issue of background independence and general coordi-

nate transformations. ﬁagbcz 9,6+ gbdrga+ rgagdcz 0. (16)

Il. POISSON DIFFERENTIAL CALCULUS Intriguingly, we will see in Sec. 1l B that the existence of the
Seiberg-Witten map requires that E46) holds.
It was found[8] that locally we can always make a

[8]. . ) ) . change of coordinates such that for the new coordin&t&s
To discuss differential calculus on a noncommutatlve:q)a(x)

space at the lowest order approximation, we define the Pois-

son structure on differential forms as follow@ts dual de- 1.

scription in terms of derivatives will be given in Sec. IV)A. (@a,tbb)EPab:E RADCDI+ TP+ 3P (17)
The differential calculus on a noncommutative space is gen-

erated by the coordinatesand one-formslx. We generalize
the Poisson brackets o

In this section we briefly summarize part of the results of

whereR,T and 6 are constant tensors constrained by the
Jacobi identity forP. For instanceR has to satisfy the clas-

(x®,xP) = 63°(x), (8) sical Yang-Baxter relation. Therefore, we can classify all
Poisson differential calculus by these constant tensors up to
to any two differential forms such that linear transformations ob. Letting x*=®?, one also finds
[8] that
(01,0)=(=1)PP2" (wy,0,), ©)
2. =Py Pt (18

wherep; is 0 or 1 if w; is an even or odd form. After
quantization, the Poisson brackets are an approximation t§ince the connectiofi is a pure gauge, it is convenient to
the commutator or anticommutator, depending on whethegefine a new basis of one-forms
the two differential forms commute or anti commute classi-
cally. The *-product to the lowest order ifis e,= P, ddP, (19

[

0 0p= W 0o+ E(w1,w2)+ o (10) for which the algebra is greatly simplified

1.
The associativity of the quantized algebra implies (€a.X")=0, (ey.€5)=~ ERggeced- (20)
> (—1)PiP(w; (),0,))=0, (1)  The constant tensdR, which also appeared in E¢17), is
(BRY just the curvature tensor expressed in the basks, dor the

connection one-fornh’, with its index raised by. Similarly,
T can be understood as the torsion at the ori@ir 0.

An interesting feature of the Poisson differential calculus
(01,0,03)=(w1,0) w3+ (—1)P1P2wy(wq,w3). (120  is that one can always realize the action of the exterior de-
rivative on any functiorf (x) through a one-forng

where we sum over cyclic permutations of (k). For ob-
vious reasons we also have the following requirements:

d(wq,w5)=(dwy,w5)+(—1)P(w;,dw,). 13
(01,02)=(dwy,w2) +(~1)P(w;,dwy) (13 f=—e,d2 21)
Finally, we require that ifv; is an;-form, (w,w,) is always
a (n;+n,)-form. as
Assuming that#®® is invertible, we can always write _ _ a
(x,dx) in the form df=(£1)=—ea(P1). (22)
(x® dxb) = — HaCF‘c’ddxd, (14) This is a property that will be useful for the formulation of

matrix model.
The integrationf) of a functionf over the noncommuta-

whereT'?, are some functions of which transforms like a . !
tive space can be defined as

connection under general coordinate transformationg. s
in general not symmetric, one can use (Hy=Tr(f) 23

I'B=Tpdx® and TE=dxTg, (15  where the trace is taken over a Hilbert space representation
) ] ) _of the algebra ok after quantization. For constaft
as the connection one-forms to define two kinds of covariant
derivativesV andV, respectively. Giverd andI’, all Pois- D
son brackets are determined. |P&)|Tre f d=x, (24
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where Pf@)=+/detd. Under general coordinate transforma-
tions x—x', |Pf(8)| " transforms by a factor of the Jaco-

bian |det(9x’/dx)|, so we can deduce that

Tre f dPx|Pf(6~ )| (25

even whend is not constant. It is easy to see that the inte-

gration(-) is cyclic in the Poisson limit

(fxg)=(g*f)=((f,9))=0 (26)
for arbitrary integrable functionsandg. This implies that
(fxg)=(fg). (27)

IIl. NONCOMMUTATIVE GAUGE THEORY

A. Noncommutative gauge fields

In this paper, we will mostly work at the Poisson level,

that is, to the first order of or P. [TheI" defined in Eq(14)

is of the zeroth ordef.Define the gauge transformation for a

noncommutative gauge potential one-form
A=dx2A,(X) (29
by
SA=d\—i[A ], =d\+(AN). (29)
It follows from this that
A= 0.\ + 0PV LA d\, (30)
where
VA=A =T A . (31)

Define the field strength two-form by
O U TP
F=dA—-iA*A= de dX°F p(X). (32
For U(1) gauge fields,
L1
F=dA+3(AA). (33
More explicitly,

. T . I O
Fab=daPo— dpAat 5 VeAab*V A, — SREAA,,

(34
where
RED=6°°RYp, (35)
and
ﬁg:%kgcddxcdx% dr2+TaTe. (36)
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Under a gauge transformation,
SF=(F,\), (37)

where we used the fact that the Leibniz r@i3) holds. In
terms of the components

’8|Eab2 HCdVCIEab(QdX, (38)
where
Val’ibczaarzbc_'A:bdrgc_rgbr:dc- (39

We also need the Leibniz rule to show tirasatisfies the
Bianchi identity

dF+(A,F)=0. (40)
The covariant differential one-form is defined as
D=d+A=dx¥(d,+A,). (41)

One may also choose to usg as the basis of one-forms.
Using Eq.(21), we find

D=¢+A=e,(—D2+A?) (42)

when acting on functions of. So the covariant coordinate
X=x+A has a conventional interpretation wherhappens
to be the canonical coordinate.

B. Seiberg-Witten map

The Seiberg-Witten map is a map from a commutative

gauge potentiaA to a noncommutative gauge potentél
such that the gauge transformationsfofre mapped to the
gauge transformations @ [2]. The Seiberg-Witten map for
arbitrary Poisson structu@was given in 10] for the A field
defined in the covariant coordinateé=x+A. Here we
present a map for thA field defined in the covariant deriva-
tive D= g+ A. This map has to match gauge transformations

of A to those ofA
A(A)+ 5A(A)=A(A+ 5,A). (43)

Here we only considet (1) gauge fields, s&,A=dA\.
Comparing with the Seiberg-Witten map for constant
we have a new term on the left-hand side of E4R) by
differentiatingé in \. We hope to compensate this change by
choosing thd§ . factor in Eq.(14) as well as modifying the
Seiberg-Witten map appropriately. Interestringly, it turns out
that we should demanid to satisfy the Leibniz rulél6). (As
we mentioned in the end of Sec. Il, this guarantees that all
Leibniz rules can be satisfigdWe modify the Seiberg-
Witten map as

. 1
Aa=Aa= 5 0°Ay(VeAg+Fea) +- . (44)
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The transformation parametexsand \ are still related by 1 .
the same map Sneym= — —z(tr(G* FxG*F))
49y
R At 2 g0 Ap - (45) 1 e Acd e
ST Tanh o == —— (G F,* G®%Fyy). (54)
4gvym
It follows from Egs.(32) and(44) that To the lowest order ird,
E  ~ _ _ cd R 1 A
Fav=Fan = (FOP)ap™ Al W oFab. 49 BSuevw=" 5 (W(GFGR) A)=0. (59
YM

For an arbitrary scalar fielfl(x) which is invariant under
the gauge transformations, we can make it covariant byo the NCYM action is invarinat under gauge transforma-

modifying it to be tions.
The NCYM action can be further simplified at the Poisson
F=f— A 0309 f 47) level. To do so we derive an identity that will also be used
a b later. First consider the integration
so that (tr(M,N)MN)), (56)
St=(1.1). (48) where M,N are symmetric or antisymmetric matrices of
' functions. Using Eq(26), we find
In general, for an arbitrary differential form invariant un- (tr(M,N)MN))= {tr(M,NMN) — 62°9,MNg,MN
der gauge transformations,
— 629, MNMa,N))
- — _ de:
Wape. .. =0apc... —Ag0" " Vewape. .. (49) = —<tr(9ab(ﬁbNMNﬁaM)T)>
is covariant, i.e., = —(tr((M,N)MN))=0. (57)
So=(@,1). (50) It follows from this that
i
The Seiberg-Witten map is a crucial part in showing the (tr(M* Nx M % N)>z<tr( ( MN + E(M ,N))
background independence of string theory. In the next sec-

tion we will define the NCYM action and in Sec. Il D we i

will use the Seiberg-Witten map to show that the DBI action * ( MN+ (M ,N)> )>
with B field background is approximately equal to the
NCYM action on the noncommutative space witk:B 1. i
=<tr(MNMN+ E(MN,MN)

|

=(tr(MNMN)). (58

C. NCYM

In this section we construct the noncommutative Yang- +i(M,N)MN
Mills (NCYM) action.

Denote the metric on the nhoncommutative spacésbyf
G is not constant, we have to modify it to be a covariant
metric for the NCYM action. Let

[In fact, one can show that

bc— bc bdypc b dc
VaG™=0d,G™+ G T aq T TadG™ (51) (tr(M*N* M*N’))=(tr( MNMN’)) (59)
then for symmetric or antisymmetric matricéd,N,N’.] Hence,
the NCYM action at the Poisson level is just
GAP=G*—A 0V G+ - - (52 L
) Sncyw=— ——(tr(GFGF)). (60)
is covariant in the sense that it transforms Ike 4gym
3Gab~ HCdVCéabﬁdx. (53) D. NCYM and DBI

In the Seiberg-Witten limit, it is generally believed that
Define the NCYM action by the low energy effective field theory for a D-brane in the
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background of a nonconstaBtfield lives on a noncommu- 1

tative space with the Poisson structurB {13,3]. It is there- fi=| 1+ 5tr( GF))U(GFG F)—2t(0FGFGF)+-- -,

fore natural to propose that the NCYM action describes the (66)

physics for theU(1) gauge field on the D-brane. On the

other hand, the DBI action is known to be the low energy 1

effective action for slowly varying fields on a D-brane  fo=| 1+ 5tr( GF))U(GBGB)—Z t(GBGF) + - - -.

[14,15. We should thus be able to match the NCYM action (67)

with the DBI action in the leading order ia’ at least at the

Poisson level. This was shown for consténin [2,16], and  In f, andf, the omitted terms are of higher orderdf or e

for genericB in [11] in the language of covariant coordi- in the Seiberg-Witten limit2). SinceB~ '~ ¢, some terms

nates. Here we want to rederive this result for nonconddant omitted in f, are in fact of the same order as some of the

in the language of covariant derivatives. terms inf, which we keep. However, as we have only de-
Derivative corrections to the DBI actiofl7-19 is of  fined the calculus at the Poisson level, we can only compare

order O(F?(9F)?) for bosonic string theory and of order terms of the leading order i, and the background fieB is

O(F%(#°F)?) for superstring theory. These are subleadingviewed as of orde(#°) in the sense of Poisson brackets.

terms ina’ and thus should be ignored. SinEecan only  Our result in this section will be justified in Sec. Il E by the

appear via the gauge invariant combinatid@+F) in the  background independence of the matrix model.

D-brane action, this means that terms linear 4B) should The first term in Eq(64) is a total derivative fodB=0
cancel in the NCYM action. and B>F in the sense thatPf(B+F)|=Pf(B+F). The
The DBI action of a D-brane is terms inf, are independent df up to a total derivative iB
andg are constant, but we need to keep it for noncondgant
SDBI:Tpf de\/m, (61) Compa_red with the Congtarﬂt case, the; NCYM for non-
constantd is roughly speaking only modified by replacing all

derivatives by the covariant derivativ&sas shown in Egs.
(46), (52). Using the Leibniz rule for the covariant deriva-
tive, e.g.,

whereg is the closed string spacetime metric, ads the
Neveu-Schwarz—Neveu-Schwar@NS-NS B field back-
ground. The [Pp-brane tension is

9a(f69°) = (Vafp) 9"+ fu(Vag"), (68)

(62 we find after straightforward calculations tHatagrees with
the NCYM action for the coupling constant

1

T,= .
P (2m)Pgy(a’) PV

We will identify 'cAth in the_DBI ac'qon with the commuta- g$M=(27)(p’5)’2gs(a’)’2. (69)
tive F related toF in the Seiberg-Witten mafi4).
Using the identity In matching the two actions, there is actually an ambigu-

ity in choosing whether the metr in Eq. (55) is defined by

1 1 1 —B 1xg*B~! or just —B~'gB~!. In our approximation
/ — _ _ 2_ 2 f
de(1+M)=1+ 2 w(M)+ 8 (tr(M)) 4tr(M ) however, there is no difference between these two choices.
1 1 To take care of ,, we need to modify the NCYM action
il 3_ 2 as
+48(tr(M)) 8tr(M)tr(M )
1 A A A A A oA
1 Sp=— —({r[G*x(F+B)*xG*(F+B , 70
+ Loy roow), ©3 D g$M<([ (F+B)*G*(F+B)]), (70
where

one finds that the leading order termsah in the DBI La-
grangian aré2] Bab=Bap— AV Bap+ - . (7D

£DB|=(27Ta’)(p+1)/2Tp|Pf(B+ F)| Since

—%(2wa’)(p+5)/2Tp|Pf(B)|(f1+fz), (64) 5B=(B,\), (72)

Sp is gauge invariant. We will see later that this modification
is needed for the NCYM action to have a matrix model in-
terpretation.

Let us call the metric appearing in the fundamental string

-G+ 0, (65) action the closed string metric, and the metric appearing in
g+2ma’B 2ma’ the NCYM action the open string metii2]. It is amusing to
see that for the closed string,, is the metric for the basis

and dx?, andG?°= — (B 1gB~1)2P is the metric for the basis,

whereG and # are the symmetric and antisymmetric part of
(g+B) 71 ie.,
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d3§|osed= JapdX2dXP= G g, . (73)  We will identify p with the conjugate momentum of It
follows from this and Eq(14) that
On the other hand, it is the opposite for the open string.
Gap=—(Bg 'B),y is the metric for the basidx?, andg?®
is the metric for the basis,

(X3, pp) = S+ 07T 3ypg - (81)

Assume that the Leibniz rulél3) is observed, for an ar-
_ ~ab _ aqyb bitrary functionf(x), the nilpotency ofd (dd=0) will be
dsﬁpen 97€a8y = Gapdx7dX". (74) satisfied at the Poisson level if

E. Matrix model 1
_ _ (Pa:Pb) =~ 5T abPcPa (82)
Due to Eq.(21), we expect that a matrix model expression

for the NCYM is available for the basis of one-formg. Let wherer is defined by

S
A=e,A? F=_-e,eF3". (75)

1 1 ~ -
2 (dx@,dxP)=— = abdxcdxd=—§d(0a°1“2+ 6°°T?).

2 lcd
It can be checked that (83)
b a2 wb ab In the next subsection we will show that both relations
F2P= (X%, X?) = P®(X), (76) (81) and(82) are results of quantization for an open string in
the low energy limit.

where
Xa= pa_ A2 77 B. Open string quantization
The bosonic action for an open string ending on a
This X is thus the so-called covariant coordinfté]. Dp-brane is given by
In terms ofX the action of the NCYM70) can be written
as SZJ dza(gﬁyéaX“&aX”—F ZWa’e“'BBabﬁaXaaBXb),

1 . A ; (84)
S = * [ X2, XC]u* gegt[ X9, X2, ). (78 i

NCYM 4g\2(,\,|<gab [ 1 Geal b). (78 where u,»=0,1,...,9, anda,b=0,1, ... p, andg is the

closed string metric. In the low energy limit, the string is

This is precisely the leading order term one expects for avery short and so one can approximate the string by a
matrix model in a curved space tini20]. The background straight line
independence oB for the NCYM action is manifest in this )
form, as in the case of constaBt[2]. In particular, for the X(o)=x+oX', (85)
case of flat spacetime, we know that this expression is exact. L . _
One can start from this action to obtain the higher ordetWher?X ._(X(Z)_X(.O;)/W is very small. ForH=0, the
terms in the NCYM action70), using the Kontsevich for- SYMPIectic two-form i93]

I fine the - t. - _
mula to define the-produc 0= F,,(0dXedX?|7=T, (86)
IV. REMARKS where =B in the Seiberg-Witten limit. From this we can

A. Dual description find the Poisson brackets amorgnd X', and we will keep
terms of ordei®((X')?) or lower, since we assumed thét

is small. This is equivalent to say thBtis slowly varying
ompared with the length of the string, and so we will only
eep terms up t@(d°B). One then obtains

Instead of using differential forms to describe differential
calculus, we can just use functions and derivatives. Thes
two descriptions are dual to each other. Starting with thq(
Poisson differential calculus in the previous section, here we
construct the noncommutative algebra for derivatives and (x3,x) = §25(x)
functions in the way that has been used for many noncom-

mutative spaces in the pd&1i]. (y3,y°) = 62%(y)
Classically, when the exterior derivativkacts on func-
tions, it is equivalent talx2d, . Let us assume that this holds = 6°°(X) +(y—x)%9.6*°bf
also for noncommutative spaces. For example, we have 1
T (v—x)C(v—y\d ab

anZ[deo"b,Xa]* ) (79) + 2(y X) (y X) (?C(?dﬁ ' (87)

At the Poisson level, it is wherex=X(o=0) andy=X(o= ).
The momentum associated with the endpointratO is
dx@=—(dx®py ,x?). (800  approximately
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pazwggbl(x)x'b. (89) symmetry of gengral coordinate fcran_sformat!ons on the

brane. If one quantizes the open string in two different coor-
Remarkably, within our approximation we can calculate pre-dinate systems and get twis and twol'’s, although thef's
cisely the desired commutation relatiori81) and (82)  will be related by a coordinate transformation, s will

amongx andp for the connection one-form not. The fact that the D-brane theory should be invariant
. cda o1 under coordinate transformations on the brane implies that
ab=0"9a0yp - (89 the NCYM theory for D-brane should be independent of the

choice ofI". This does not mean that we do not ndéd-at
least we need it to satisfy E@16). Moreover, to deal with
specific problems, some choices Ibfmay be more conve-
nient than others.

The NCYM action for D-branes with nonconstant back-
ground(70) may be useful even for the flat case. Note that
for the quantization of the open string, only the gauge invari-
Tnt quantityB+ F matters, although we have conventionally
called the background part &+ F the B field background.
Nevertheless if has a background value due to some source

Comparing this with Eq(18), we find thatx here is already
the canonical coordinate denotddin Sec. II. Since we ig-
nored terms of ordes®B, 6 is well defined only up to qua-
dratic terms inx as ourP in Eq. (17).

It follows from Eg. (89) that the Leibniz rulg13) is sat-
isfied. It is interesting to note that priori the Leibniz rule
does not have to be satisfied from the viewpoint of ope
string quantization(In the defining conditions for the Pois-
son differential calculus, only the Jacobi identities for func-

tions are guaranteed by the associativity of a consistent quarﬂi/ing on the D-brane, it will also make the D-brane world

';Iozr?;lgr;relnn;?gﬁt;?r?at\i]:zﬁlobgz;gsef?ggeesithagpOLTrﬂeglsﬁfrrsnetQIeYOIljme noncommutative. For configurations with a back-
y ' ground field which varies greatly over the D-brane, such as

ror derlv_atlve IS an e]ement of the algebra abtained fromthe configurations corresponding to a semi-infinite string
open string quantization.Nevertheless the result of open ending on the D-branE23], we expect that our description

sng quantzaton s st sffclent b e e RGOy b more approprat than the NG with consta
ential galc%lus defiyned if6] happengto be a natS.raI frame- since a small fluctuation of that configuration is still a big
work for describing a D-brane world volume iB field fluctuation for any choice of constant backgroup@n the

other hand, as we just mentioned, the acti{@B) is back-

background. ! .
The matrix model actior{78) is greatly simplified when g(rq%lf\r/l;elnrjﬂdependent, S0 nonperturbatively they must be
the metricg is constantand so the space is fldbecausey In this paper we constructed the noncommutative calculus

=g[§;=g(X)=g(<D—A)] for this case. For the connection suitable for the description of D-branes, and checked that the
(89), this implies thatVG=0 and thusG=G. Hence itis NCYM action matches with the DBI action at the Poisson

also the case when the NCYM acti¢b4) is greatly simpli-  level for H=0. It is natural to ask how these results can be
fied. generalized whed # 0. The (associative noncommutative
algebra for this case was found [i8]. The novelty of this

C. Conclusion algebra is that the commutation relations between functions

of x is a function of bothx andp. This poses a problem to the
definition of gauge transformations on such noncommutative
spaces, but this problem was solved M. Hopefully a dif-
ferential calculus can be constructed so that certain geomet-
ric understanding about these gauge symmetries can be ob-
tained.

The property of background independenceBiis shown
to hold perfectly for the NCYM action ih2] for constantB.
This is because the NCYM action for constahts equiva-
lent to the matrix model actiofi78) [2]. Obviously that ac-
tion is not changed under

[x3,x3]=1 62" —[x'3 x'P]=i ¢’ (90)

as long ax+A=x’+A’. (See alsd22] for relevant discus- ACKNOWLEDGMENTS
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