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Noncommutative differential calculus for a D-brane in a nonconstantB field background
with HÄ0
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In this paper we try to construct noncommutative Yang-Mills theory for generic Poisson manifolds. It turns
out that the noncommutative differential calculus defined in an old work is exactly what we need. Using this
calculus, we generalize results about the Seiberg-Witten map, the Dirac-Born-Infeld action, the matrix model
and the open string quantization for constantB field to a nonconstant background withH50.
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I. INTRODUCTION

For a D-brane in a constantB field background, its low
energy effective theory lives on a noncommutative space
which the commutator

@xa,xb#* 5 iuab ~1!

is a constant@1#. In the zero slope limit of Seiberg and Wi
ten @2#,

a8;e1/2, gab;e, ~2!

wheree→0, andBab is fixed, we haveu5B21. If the B field
background is not constant, but has a vanishing field stren
(H5dB) for longitudinal directions on the D-brane,u satis-
fies the Jacobi identity and so it defines a Poisson struc
on the D-brane@3–5#. One can then use Kontsevich’s fo
mula @6# to define the *-product as a way to quantize t
Poisson structure, and to define the noncommutative D-b
world volume. If HÞ0, Kontsevich’s formula can still be
used to construct integrations to reproduce open string
relation functions@4#; however, the resulting algebra is no
associative. An associative algebra was found by quantiz
the open string@3#, and it can also be used to reproduce t
open string correlation functions@7#.

In this paper we try to construct the noncommutat
Yang-Mills theory for nonconstantB with H50. For sim-
plicity, we ignore terms of orderu2 or higher; that is, we
work in the Poisson limit. Interestingly, it turns out that a
old work @8# on the formulation of differential calculus o
noncommutative spaces is precisely what is needed for
purpose, i.e., to define the Seiberg-Witten map, and to fin
noncommutative Yang-Mills~NCYM! theory that approxi-
mates the classical Dirac-Born-Infeld~DBI! action with the
B field background.

The first problem one meets when trying to define a fi
theory on noncommutative space is to define derivativ
Whenu is constant, we usually assume that

@]a ,xb#* 5da
b . ~3!
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However, whenu is not constant, this relation is inconsiste
with Eq. ~1!, as can be easily seen by checking the Jac
identity for (]a ,xb,xc).

Another way to state the same problem is to notice t
although we can define differential forms (dxa) satisfying

@xa,dxb#* 50 ~4!

whenu is constant, after a general coordinate transformat
this relation no longer holds, even for those transformatio
which keepu constant. Thus even for a constantu ~which
you can always achieve by coordinate transformations!, it is
unclear how to determine@xa,(dxb)#* or @]a ,xb#* for a
generic curved space.

One might suspect that, in the *-product representation
the algebra, the classical derivatives]a can be used as th
natural representative of the derivatives on noncommuta
space. Although this is an algebraically consistent choice,
find that this definition is not enough. If the gauge transf
mation for a gauge potential is defined as

d̂Âa5]al̂2 i @Âa ,l̂ #* , ~5!

the field strength defined by

F̂ab5]aÂb2]bÂa2 i @Âa ,Âb#* ~6!

will not be covariant. The reason is basically that the Leib
rule fails

]a~ f * g!Þ~]af !* g1 f * ~]ag!. ~7!

In the context of matrix model, the generalized notion
covariant derivative, the covariant coordinatesX5x1A, was
introduced@9,2#. In particular the problems mentioned abo
were resolved in@10,11# by using only the covariant coordi
nates without referring to the derivatives. Thus althou
some results of this paper overlap with@11,12#, here we are
interested in a more conventional description of ncommu
tive gauge field theory, because this subject is of interes
itself apart from its application in string theory.

We review our mathematical formulation of noncomm
tative differential calculus at the Poisson level in Sec. II.
Sec. III we define the NCYM action, find the Seiberg-Witte
map, and check that after suitable modification, the NCY
action agrees with the DBI action. In Sec. IV we provide
©2001 The American Physical Society02-1
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interpretation of the noncommutative calculus from t
viewpoint of open string quantization. We also comment
the issue of background independence and general co
nate transformations.

II. POISSON DIFFERENTIAL CALCULUS

In this section we briefly summarize part of the results
@8#.

To discuss differential calculus on a noncommutat
space at the lowest order approximation, we define the P
son structure on differential forms as follows.~Its dual de-
scription in terms of derivatives will be given in Sec. IV A!
The differential calculus on a noncommutative space is g
erated by the coordinatesx and one-formsdx. We generalize
the Poisson brackets onx,

~xa,xb!5uab~x!, ~8!

to any two differential forms such that

~v1 ,v2!5~21!p1p211~v2 ,v1!, ~9!

where pi is 0 or 1 if v i is an even or odd form. After
quantization, the Poisson brackets are an approximatio
the commutator or anticommutator, depending on whet
the two differential forms commute or anti commute clas
cally. The *-product to the lowest order inu is

v1* v25v1v21
i

2
~v1 ,v2!1•••. ~10!

The associativity of the quantized algebra implies

(
( i , j ,k)

~21!pi pk
„v i ,~v j ,vk!…50, ~11!

where we sum over cyclic permutations of (i , j ,k). For ob-
vious reasons we also have the following requirements:

~v1 ,v2v3!5~v1 ,v2!v31~21!p1p2v2~v1 ,v3!. ~12!

d~v1 ,v2!5~dv1 ,v2!1~21!p1~v1 ,dv2!. ~13!

Finally, we require that ifv i is ani-form, (v1 ,v2) is always
a (n11n2)-form.

Assuming thatuab is invertible, we can always write
(x,dx) in the form

~xa,dxb!52uacGcd
b dxd, ~14!

whereGcd
b are some functions ofx which transforms like a

connection under general coordinate transformations. AsG is
in general not symmetric, one can use

G̃b
a[Gbc

a dxc and Gb
a[dxcGcb

a ~15!

as the connection one-forms to define two kinds of covar

derivatives¹̃ and¹, respectively. Givenu andG, all Pois-
son brackets are determined.
12600
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Equation~13! is satisfied if and only if the Poisson struc
ture is covariantly constant

¹̃aubc[]aubc1ubdGda
c 1Gda

b udc50. ~16!

Intriguingly, we will see in Sec. III B that the existence of th
Seiberg-Witten map requires that Eq.~16! holds.

It was found @8# that locally we can always make
change of coordinates such that for the new coordinatesFa

5Fa(x)

~Fa,Fb![Pab5
1

2
R̃cd

abFcFd1Tc
abFc1u0

ab , ~17!

where R̃,T and u are constant tensors constrained by t
Jacobi identity forP. For instance,R̃ has to satisfy the clas
sical Yang-Baxter relation. Therefore, we can classify
Poisson differential calculus by these constant tensors u
linear transformations ofF. Letting xa5Fa, one also finds
@8# that

Gbc
a 5Pad]bPdc

21 . ~18!

Since the connectionG is a pure gauge, it is convenient t
define a new basis of one-forms

ea5Pab
21dFb, ~19!

for which the algebra is greatly simplified

~ea ,xb!50, ~ea ,eb!52
1

2
R̃ab

cdeced . ~20!

The constant tensorR̃, which also appeared in Eq.~17!, is
just the curvature tensor expressed in the basis ofea for the
connection one-formG̃, with its index raised byP. Similarly,
T can be understood as the torsion at the originF50.

An interesting feature of the Poisson differential calcu
is that one can always realize the action of the exterior
rivative on any functionf (x) through a one-formj

j52eaFa ~21!

as

d f5~j, f !52ea~Fa, f !. ~22!

This is a property that will be useful for the formulation o
matrix model.

The integration̂ f & of a functionf over the noncommuta
tive space can be defined as

^ f &[Tr~ f !, ~23!

where the trace is taken over a Hilbert space representa
of the algebra ofx after quantization. For constantu,

uPf~u!uTr↔E dDx, ~24!
2-2
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where Pf(u)5Adetu. Under general coordinate transform
tions x→x8, uPf(u)u21 transforms by a factor of the Jaco
bian udet(]x8/]x)u, so we can deduce that

Tr↔E dDxuPf~u21!u ~25!

even whenu is not constant. It is easy to see that the in
gration ^•& is cyclic in the Poisson limit

^ f * g&5^g* f &⇒^~ f ,g!&50 ~26!

for arbitrary integrable functionsf andg. This implies that

^ f * g&.^ f g&. ~27!

III. NONCOMMUTATIVE GAUGE THEORY

A. Noncommutative gauge fields

In this paper, we will mostly work at the Poisson leve
that is, to the first order ofu or P. @TheG defined in Eq.~14!
is of the zeroth order.# Define the gauge transformation for
noncommutative gauge potential one-form

Â5dxaÂa~x! ~28!

by

d̂Â5dl̂2 i @Â,l̂ #* .dl̂1~Â,l̂ !. ~29!

It follows from this that

d̂Âa.]al̂1ubc¹bÂa]cl, ~30!

where

¹aÂb[]aÂb2Gab
c Âc . ~31!

Define the field strength two-form by

F̂5dÂ2 iÂ* Â5
1

2
dxadxbF̂ab~x!. ~32!

For U(1) gauge fields,

F̂.dÂ1
1

2
~Â,Â!. ~33!

More explicitly,

F̂ab5]aÂb2]bÂa1
1

2
¹cÂaucd¹dÂb2

1

2
R̃ab

cdÂcÂd ,

~34!

where

R̃ab
cd5uceR̃eab

d , ~35!

and

R̃b
a5

1

2
R̃bcd

a dxcdxd5dG̃b
a1G̃c

aG̃b
c . ~36!
12600
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Under a gauge transformation,

d̂F̂.~ F̂,l̂ !, ~37!

where we used the fact that the Leibniz rule~13! holds. In
terms of the components

d̂F̂ab.ucd¹cF̂ab]dl̂, ~38!

where

¹aF̂bc[]aF̂bc2F̂bdGac
d 2Gab

d F̂dc . ~39!

We also need the Leibniz rule to show thatF̂ satisfies the
Bianchi identity

dF̂1~Â,F̂ !.0. ~40!

The covariant differential one-form is defined as

D̂5d1Â5dxa~]a1Âa!. ~41!

One may also choose to useea as the basis of one-forms
Using Eq.~21!, we find

D̂.j1A5ea~2Fa1Âa! ~42!

when acting on functions ofx. So the covariant coordinat
X5x1A has a conventional interpretation whenx happens
to be the canonical coordinateF.

B. Seiberg-Witten map

The Seiberg-Witten map is a map from a commutat
gauge potentialA to a noncommutative gauge potentialÂ
such that the gauge transformations ofA are mapped to the
gauge transformations ofÂ @2#. The Seiberg-Witten map fo
arbitrary Poisson structureu was given in@10# for theA field
defined in the covariant coordinatesX5x1A. Here we
present a map for theA field defined in the covariant deriva
tive D5]1A. This map has to match gauge transformatio
of A to those ofÂ

Â~A!1 d̂ l̂Â~A!5Â~A1dlA!. ~43!

Here we only considerU(1) gauge fields, sodlA5dl.
Comparing with the Seiberg-Witten map for constantu,

we have a new term on the left-hand side of Eq.~43! by
differentiatingu in l̂. We hope to compensate this change
choosing theGbc

a factor in Eq.~14! as well as modifying the
Seiberg-Witten map appropriately. Interestringly, it turns o
that we should demandG to satisfy the Leibniz rule~16!. ~As
we mentioned in the end of Sec. II, this guarantees that
Leibniz rules can be satisfied.! We modify the Seiberg-
Witten map as

Âa5Aa2
1

2
ubcAb~¹cAa1Fca!1•••. ~44!
2-3
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The transformation parametersl̂ and l are still related by
the same map

l̂5l1
1

2
uab]alAb1•••. ~45!

It follows from Eqs.~32! and ~44! that

F̂ab.Fab2~FuF !ab2Acu
cd¹dFab . ~46!

For an arbitrary scalar fieldf (x) which is invariant under
the gauge transformations, we can make it covariant
modifying it to be

f̂ . f 2Aauab]bf ~47!

so that

d̂ f̂ .~ f̂ ,l̂ !. ~48!

In general, for an arbitrary differential formv invariant un-
der gauge transformations,

v̂abc•••.vabc•••2Adude¹evabc••• ~49!

is covariant, i.e.,

d̂v̂.~v̂,l̂ !. ~50!

The Seiberg-Witten map is a crucial part in showing t
background independence of string theory. In the next s
tion we will define the NCYM action and in Sec. III D w
will use the Seiberg-Witten map to show that the DBI acti
with B field background is approximately equal to th
NCYM action on the noncommutative space withu.B21.

C. NCYM

In this section we construct the noncommutative Yan
Mills ~NCYM! action.

Denote the metric on the noncommutative space byG. If
G is not constant, we have to modify it to be a covaria
metric for the NCYM action. Let

¹aGbc[]aGbc1GbdGad
c 1Gad

b Gdc, ~51!

then

Ĝab[Gab2Acu
cd¹dGab1••• ~52!

is covariant in the sense that it transforms likeF̂

d̂Ĝab.ucd¹cĜ
ab]dl̂. ~53!

Define the NCYM action by
12600
y
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SNCY M52
1

4gY M
2 ^tr~Ĝ* F̂* Ĝ* F̂ !&

52
1

4gY M
2 ^Ĝab* F̂bc* Ĝcd* F̂da&. ~54!

To the lowest order inu,

d̂SNCY M52
1

4gY M
2 ^„tr~ĜF̂ĜF̂ !,l̂…&50. ~55!

So the NCYM action is invarinat under gauge transform
tions.

The NCYM action can be further simplified at the Poiss
level. To do so we derive an identity that will also be us
later. First consider the integration

^tr„~M ,N!MN…&, ~56!

where M ,N are symmetric or antisymmetric matrices
functions. Using Eq.~26!, we find

^tr„~M ,N!MN…&5^tr„~M ,NMN!2uab]aMN]bMN

2uab]aMNM]bN…&

52^tr„uab~]bNMN]aM !T
…&

52^tr„~M ,N!MN…&50. ~57!

It follows from this that

^tr~M* N* M* N!&.K trS S MN1
i

2
~M ,N! D

* S MN1
i

2
~M ,N! D D L

5 K trS MNMN1
i

2
~MN,MN!

1 i ~M ,N!MND L
5^tr~MNMN!&. ~58!

@In fact, one can show that

^tr~M* N* M* N8!&.^tr~MNMN8!& ~59!

for symmetric or antisymmetric matricesM ,N,N8.# Hence,
the NCYM action at the Poisson level is just

SNCY M.2
1

4gY M
2 ^tr~ĜF̂ĜF̂ !&. ~60!

D. NCYM and DBI

In the Seiberg-Witten limit, it is generally believed th
the low energy effective field theory for a D-brane in th
2-4
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background of a nonconstantB field lives on a noncommu
tative space with the Poisson structure 1/B @13,3#. It is there-
fore natural to propose that the NCYM action describes
physics for theU(1) gauge field on the D-brane. On th
other hand, the DBI action is known to be the low ener
effective action for slowly varying fields on a D-bran
@14,15#. We should thus be able to match the NCYM acti
with the DBI action in the leading order ina8 at least at the
Poisson level. This was shown for constantB in @2,16#, and
for genericB in @11# in the language of covariant coord
nates. Here we want to rederive this result for nonconstaB
in the language of covariant derivatives.

Derivative corrections to the DBI action@17–19# is of
order O„F2(]F)2

… for bosonic string theory and of orde
O„F2(]2F)2

… for superstring theory. These are sublead
terms ina8 and thus should be ignored. SinceF can only
appear via the gauge invariant combination (B1F) in the
D-brane action, this means that terms linear in (]B) should
cancel in the NCYM action.

The DBI action of a D-brane is

SDBI5TpE dDxAg12pa8~B1F !, ~61!

whereg is the closed string spacetime metric, andB is the
Neveu-Schwarz–Neveu-Schwarz~NS-NS! B field back-
ground. The Dp-brane tension is

Tp5
1

~2p!pgs~a8!(p11)/2
. ~62!

We will identify the F in the DBI action with the commuta
tive F related toF̂ in the Seiberg-Witten map~44!.

Using the identity

Adet~11M !511
1

2
tr~M !1

1

8
„tr~M !…22

1

4
tr~M2!

1
1

48
„tr~M !…32

1

8
tr~M !tr~M2!

1
1

6
tr~M3!1O~M4!, ~63!

one finds that the leading order terms ina8 in the DBI La-
grangian are@2#

LDBI5~2pa8!(p11)/2TpuPf~B1F !u

2
1

4
~2pa8!(p15)/2TpuPf~B!u~ f 11 f 2!, ~64!

whereG andu are the symmetric and antisymmetric part
(g1B)21, i.e.,

1

g12pa8B
5G1

1

2pa8
u, ~65!

and
12600
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f 15S 11
1

2
tr~uF ! D tr~GFGF!22 tr~uFGFGF!1•••,

~66!

f 25S 11
1

2
tr~uF ! D tr~GBGB!22 tr~GBGF!1•••.

~67!

In f 1 and f 2 the omitted terms are of higher order inuF or e
in the Seiberg-Witten limit~2!. SinceB21;u, some terms
omitted in f 2 are in fact of the same order as some of t
terms in f 1 which we keep. However, as we have only d
fined the calculus at the Poisson level, we can only comp
terms of the leading order inu, and the background fieldB is
viewed as of orderO(u0) in the sense of Poisson bracket
Our result in this section will be justified in Sec. III E by th
background independence of the matrix model.

The first term in Eq.~64! is a total derivative fordB50
and B.F in the sense thatuP f(B1F)u5P f(B1F). The
terms in f 2 are independent ofF up to a total derivative ifB
andg are constant, but we need to keep it for nonconstanB.

Compared with the constantu case, the NCYM for non-
constantu is roughly speaking only modified by replacing a
derivatives by the covariant derivatives¹ as shown in Eqs.
~46!, ~52!. Using the Leibniz rule for the covariant deriva
tive, e.g.,

]a~ f bgb!5~¹af b!gb1 f b~¹agb!, ~68!

we find after straightforward calculations thatf 1 agrees with
the NCYM action for the coupling constant

gY M
2 5~2p!(p25)/2gs~a8!22. ~69!

In matching the two actions, there is actually an ambig
ity in choosing whether the metricG in Eq. ~55! is defined by
2B21* g* B21 or just 2B21gB21. In our approximation,
however, there is no difference between these two choic

To take care off 2, we need to modify the NCYM action
as

SD52
1

gY M
2 ^„tr@Ĝ* ~ F̂1B̂!* Ĝ* ~ F̂1B̂!#…&, ~70!

where

B̂ab[Bab2Acu
cd¹dBab1•••. ~71!

Since

d̂B̂5~B̂,l̂ !, ~72!

SD is gauge invariant. We will see later that this modificati
is needed for the NCYM action to have a matrix model
terpretation.

Let us call the metric appearing in the fundamental str
action the closed string metric, and the metric appearing
the NCYM action the open string metric@2#. It is amusing to
see that for the closed string,gab is the metric for the basis
dxa, andGab52(B21gB21)ab is the metric for the basisea
2-5
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dsclosed
2 5gabdxadxb5Gabeaeb . ~73!

On the other hand, it is the opposite for the open stri
Gab52(Bg21B)ab is the metric for the basisdxa, andgab

is the metric for the basisea

dsopen
2 5gabeaeb5Gabdxadxb. ~74!

E. Matrix model

Due to Eq.~21!, we expect that a matrix model expressi
for the NCYM is available for the basis of one-formsea . Let

Â5eaÂa, F̂5
1

2
eaebF̂ab. ~75!

It can be checked that

F̂ab5~Xa,Xb!2Pab~X!, ~76!

where

Xa[Fa2Âa. ~77!

This X is thus the so-called covariant coordinate@10#.
In terms ofX the action of the NCYM~70! can be written

as

SNCY M5
1

4gY M
2 ^ĝab* @Xb,Xc#* * ĝcd* @Xd,Xa#* &. ~78!

This is precisely the leading order term one expects fo
matrix model in a curved space time@20#. The background
independence ofB for the NCYM action is manifest in this
form, as in the case of constantB @2#. In particular, for the
case of flat spacetime, we know that this expression is ex
One can start from this action to obtain the higher or
terms in the NCYM action~70!, using the Kontsevich for-
mula to define the*-product.

IV. REMARKS

A. Dual description

Instead of using differential forms to describe different
calculus, we can just use functions and derivatives. Th
two descriptions are dual to each other. Starting with
Poisson differential calculus in the previous section, here
construct the noncommutative algebra for derivatives
functions in the way that has been used for many nonc
mutative spaces in the past@21#.

Classically, when the exterior derivatived acts on func-
tions, it is equivalent todxa]a . Let us assume that this hold
also for noncommutative spaces. For example, we have

dxa5@dxb]b ,xa#* . ~79!

At the Poisson level, it is

dxa52~dxbpb ,xa!. ~80!
12600
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We will identify p with the conjugate momentum ofx. It
follows from this and Eq.~14! that

~xa,pb!5db
a1uacGcb

d pd . ~81!

Assume that the Leibniz rule~13! is observed, for an ar-
bitrary function f (x), the nilpotency ofd (dd50) will be
satisfied at the Poisson level if

~pa ,pb!52
1

2
r ab

cdpcpd , ~82!

wherer is defined by

~dxa,dxb!52
1

2
r cd

abdxcdxd52
1

2
d~uacG̃c

b1ubcG̃c
a!.

~83!

In the next subsection we will show that both relatio
~81! and~82! are results of quantization for an open string
the low energy limit.

B. Open string quantization

The bosonic action for an open string ending on
Dp-brane is given by

S5E d2s~gmn]aXm]aXn12pa8eabBab]aXa]bXb!,

~84!

where m,n50,1, . . . ,9, anda,b50,1, . . . ,p, and g is the
closed string metric. In the low energy limit, the string
very short and so one can approximate the string by
straight line

X~s!5x1sX8, ~85!

where X8.„X(p)2X(0)…/p is very small. ForH50, the
symplectic two-form is@3#

V5F̂ab~X!dXadXbus50
s5p , ~86!

whereF̂5B in the Seiberg-Witten limit. From this we ca
find the Poisson brackets amongx andX8, and we will keep
terms of orderO„(X8)2

… or lower, since we assumed thatX8
is small. This is equivalent to say thatB is slowly varying
compared with the length of the string, and so we will on
keep terms up toO(]2B). One then obtains

~xa,xb!5uab~x!

~ya,yb!5uab~y!

.uab~x!1~y2x!c]cu
abb f

1
1

2
~y2x!c~y2x!d]c]duab, ~87!

wherex[X(s50) andy[X(s5p).
The momentum associated with the endpoint ats50 is

approximately
2-6
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pa.puab
21~x!X8b. ~88!

Remarkably, within our approximation we can calculate p
cisely the desired commutation relations~81! and ~82!
amongx andp for the connection one-form

Gab
c 5ucd]audb

21 . ~89!

Comparing this with Eq.~18!, we find thatx here is already
the canonical coordinate denotedF in Sec. II. Since we ig-
nored terms of order]3B, u is well defined only up to qua
dratic terms inx as ourP in Eq. ~17!.

It follows from Eq. ~89! that the Leibniz rule~13! is sat-
isfied. It is interesting to note thata priori the Leibniz rule
does not have to be satisfied from the viewpoint of op
string quantization.~In the defining conditions for the Pois
son differential calculus, only the Jacobi identities for fun
tions are guaranteed by the associativity of a consistent q
tization. In fact, the Jacobi identities among different
forms are not automatically satisfied either, unless the e
rior derivative is an element of the algebra obtained fr
open string quantization.! Nevertheless the result of ope
string quantization is just sufficient to define the noncomm
tative gauge theory and the Seiberg-Witten map. The dif
ential calculus defined in@8# happen to be a natural frame
work for describing a D-brane world volume inB field
background.

The matrix model action~78! is greatly simplified when
the metricg is constant~and so the space is flat! becauseĝ
5g@ ĝ5g(X)5g(F2A)# for this case. For the connectio
~89!, this implies that¹G50 and thusĜ5G. Hence it is
also the case when the NCYM action~54! is greatly simpli-
fied.

C. Conclusion

The property of background independence inB is shown
to hold perfectly for the NCYM action in@2# for constantB.
This is because the NCYM action for constantu is equiva-
lent to the matrix model action~78! @2#. Obviously that ac-
tion is not changed under

@xa,xa#5 iuab→@x8a,x8b#5 iu8 ~90!

as long asx1Â5x81Â8. ~See also@22# for relevant discus-
sions.! Since the NCYM action~70! can be rewritten as the
matrix model action~78!, obviously it is independent of the
choice ofG, as long as Eq.~16! is satisfied.@On the other
hand, for the NCYM action~54! which does not have the
background term, it can depend on the choice ofG.# Note
that this independence ofG is actually associated with th
rg
.

12600
-

n

-
n-

l
e-

-
r-

symmetry of general coordinate transformations on
brane. If one quantizes the open string in two different co
dinate systems and get twou ’s and twoG ’s, although theu ’s
will be related by a coordinate transformation, theG ’s will
not. The fact that the D-brane theory should be invari
under coordinate transformations on the brane implies
the NCYM theory for D-brane should be independent of t
choice ofG. This does not mean that we do not needG—at
least we need it to satisfy Eq.~16!. Moreover, to deal with
specific problems, some choices ofG may be more conve-
nient than others.

The NCYM action for D-branes with nonconstant bac
ground~70! may be useful even for the flat case. Note th
for the quantization of the open string, only the gauge inva
ant quantityB1F matters, although we have conventiona
called the background part ofB1F the B field background.
Nevertheless ifF has a background value due to some sou
living on the D-brane, it will also make the D-brane wor
volume noncommutative. For configurations with a bac
ground field which varies greatly over the D-brane, such
the configurations corresponding to a semi-infinite str
ending on the D-brane@23#, we expect that our descriptio
may be more appropriate than the NCYM with constantu,
since a small fluctuation of that configuration is still a b
fluctuation for any choice of constant background.@On the
other hand, as we just mentioned, the action~78! is back-
ground independent, so nonperturbatively they must
equivalent.#

In this paper we constructed the noncommutative calcu
suitable for the description of D-branes, and checked that
NCYM action matches with the DBI action at the Poiss
level for H50. It is natural to ask how these results can
generalized whenHÞ0. The ~associative! noncommutative
algebra for this case was found in@3#. The novelty of this
algebra is that the commutation relations between functi
of x is a function of bothx andp. This poses a problem to th
definition of gauge transformations on such noncommuta
spaces, but this problem was solved in@7#. Hopefully a dif-
ferential calculus can be constructed so that certain geom
ric understanding about these gauge symmetries can be
tained.
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